If we live on the weak brane with zero effective cosmological constant in a warped 5D bulk spacetime, gravitational waves and brane fluctuations can be generated by a part of the 5D Weyl tensor and carries information of the gravitational field outside the brane. We consider on a cylindrical symmetric warped FLRW background a U(1) self-gravitating scalar-gauge field without bulk matter.
I. INTRODUCTION
It is conjectured that the expansion of our universe is accelerating. Recent observations provide strong evidence of this acceleration. The explanation of this remarkable phenomenon is rather difficult: one needs a dark energy field with an effectively negative pressure, p < − 1 3 ρ. From severe independent observational data, one finds Ω Λ ≈ 0.7 and Ω M ≈ 0.3, where Ω M and Ω Λ stand for the energy densities of matter and dark energy respectively with respect to the critical ones [1] [2] [3] [4] [5] . We should live now in the cosmological constant dominated era (and approximately flat, Ω 0 = Ω M0 + Ω Λ0 ≈ 1), while at earlier times there was a radiation and matter dominated era.
There are some fundamental question. First, will the acceleration last forever. Secondly, why there is the huge discrepancy between ρ Λ 10 −123 in Planck units and vacuum energy density ρ V 10 −3 which is 10 120 times greater than the value we need to accelerate the expansion of the universe. Thirdly, the value must be incredibly fine-tuned, Ω Λ ∼ Ω M . So it would be a logical step to try to explain the late-time acceleration without the need for dark energy [6] . It is also conjectured that one needs an inflaton field in the very early stage of our universe, to solve the flatness and horizon problem in the standard model of cosmology.
This is the inflationary cold dark matter model with cosmological constant (ΛCDM). It could also predict
the existence of fluctuations we observe in the CMB shortly before the end of inflation. The inflaton-field could be the well-known scalar-Higgs field with the mexican-hat potential. This model has lived up to his reputation. It was successful in the explanation of superconductivity, i.e., the Ginsburg-Landau theory, in the standard model of particle physics, in the general relativistic solution of the self-gravitating Nielsen-Olesen vortex (cosmic string) [7] [8] [9] and could play a fundamental role in warped spacetimes [10] [11] [12] . Cosmic strings are U(1) scalar-gauge vortex solutions in general relativity (GR) [9, 13, 14] . It is conjectured that in any field theory which admits cosmic strings, a network of strings inevitable forms at some point during the early universe. However it is doubtful if they persist to the present time. Evidence of these objects would
give us information at very high energies in the early stages of the universe. From recent observations by COBE, WMAP and Planck satellites, it was concluded that cosmic strings cannot provide satisfactory explanation for the magnitude of the initial density perturbations from which galaxies and clusters grew. The interest in cosmic strings faded away, mainly because of the inconsistencies with the power spectrum of CMB.
Cosmological cosmic strings can also be investigated on a FLRW background. However, the stringcosmology spacetime essentially looks like a scaled version of a string in a vacuum spacetime and the corrections in the field equations due to cylindrical gravitational radiation are rapidly damped and are negligible in any physical regime [15] . The reason of this result comes from the notion that the string radius r CS is much smaller than the Hubble radius R H in the post-inflationary era. The ratio r CS /R H = ∂ t C/C, where C is the factored out overall scale factor in the metric, is then of the order 10 −57 . The resulting field equations look like the generalized Nielsen-Olesen vortex system. Only in the pre-inflationary epoch, radiative corrections could be very large. While the inflaton field plays a crucial role in the early stage of our universe, it could play a comparable role at much later times, if we modify gravity by considering warped brane-world models. It could be possible that there exists a correlation between the accelerating universe and large extra dimensions in brane-world models.
When it was realized that cosmic strings could be produced within the framework of superstring theory inspired cosmological models, a revival of cosmic strings occurred. These so-called cosmic superstrings can play the role of cosmic strings in the framework of string theory or M-theory, i.e., brane-world models.
Supersymmetric GUT's can even demand the existence of cosmic strings. Physicists speculate that extra spatial dimensions could exist in addition to our ordinary 4-dimensional spacetime. The idea that spacetime could have more than four dimensions was first proposed by Kaluza and Klein (KK) in the early 20 th century [16, 17] . These theories can be used to explain several of the shortcomings of the Standard Model,
i.e., the unknown origin of dark energy and dark matter and the weakness of gravity (hierarchy problem).
In these models, the weakness of gravity might be fundamental. One might naively imagine that these extra dimensions must be very small, i.e., curled up and never observable. Super-massive strings with Gµ > 1, could be produced when the universe underwent phase transitions at energies much higher than the GUT scale. Recently there is growing interest in the so-called brane-world models, first proposed by ArkaniHamed, Dimopoulos and Dvali (ADD) [18, 19] and I. Antoniadis et al. [20] , which was extended by Randall and Sundrum (RS) [21] . In these models, the extra dimension can be very large compared to the ones predicted in string theory, i.e., of order of millimeters. The difference with the standard superstring model is that the compactification rely on the curvature of the bulk. The huge discrepancy between the electro-weak scale, M EW = 10 3 GeV and the gravitational mass scale M Pl = 10 19 GeV will be suppressed by the volume of the extra dimension y, or the curvature in that region. This effect can also be achieved in the RS models by a warpfactor. In the RS-2 model, there are two branes, the visible and the gravity brane at y = 0. The branes have equal and opposite tensions ±Λ 4 . At low energy, a negative bulk cosmological constant will prevent gravity to leak into the extra dimension, Λ 5 = −6/R 2 0 = −6/µ 2 , with µ the corresponding energy scale and R 0 the compactification radius. The Λ 5 squeeze the gravitational field closer to the brane at y = 0.
In the RS-1 model, one pushes the negative tension brane y → ∞. If one fine-tunes the Λ 4 = 3M 2 Pl /4πR 2 0 , then this ensures a zero effective cosmological constant on the brane. The infinite extra dimension makes, however, a finite contribution to the 5D volume due to the warpfactor. Because of the finite separation of the branes in the RS-2 model, one obtains so-called effective 4D modes (KK-modes) of the perturbative 5D graviton on the 4D brane. These KK-modes will be massive from the brane viewpoint. In the RS-1 model, the discrete spectrum disappears and will form a continuous spectrum [22] [23] [24] .
It will be clear that compact objects, such as black holes and cosmic strings, could have tremendous mass in the bulk, while their warped manifestations in the brane can be consistent with observations. So, brane-world models could overcome the observational bounds one encounters in cosmic string models. Gµ could be warped down to GUT scale, even if its value was at the Planck scale. Although static solutions of the U(1) gauge string on a warped spacetime show significant deviation from the classical solution in 4D [25] , one is interested in the dynamical evolution of the effective brane equations. Wavelike disturbances triggered by the huge mass of the cosmic string in the bulk, could have observational effects in the brane.
One conjectures that these disturbances could act as an effective dark energy field. The question is if the pulse-like cylindrical waves have the desired asymptotic behavior at null infinity. The recently found largescale alignment of quasar polarizations [26] could be explained by this warped brane-effect.
Here, we will investigate the late-time evolution of a warped 5D FLRW model when a U(1) scalar gauge field is present. In section II, we outline the model and in section III, we present some numerical solutions of the model. Finally, we have summarized our results in section IV.
II. THE FIELD EQUATIONS
It is problematic to embed U(1) cosmic strings in a Friedmann-Lemaitre-Robertson-Walker (FLRW) model, even when rewritten in cylindrical form, because the string spacetime is invariant under boosts in the z direction, whereas the FLRW spacetime is not. However, for a radiating cylindrically symmetric spacetime, one can analyze the behavior of gravitational waves generated by the local strings on the expansion of the universe if we consider the zero-thickness limit of non-singular spacetimes containing a cylindrical distribution of stress-energy embedded on a cosmological background.
The importance of cylindrical symmetric gravitational waves was first noticed by Beck [27] and rediscovered by Einstein and Rosen (ER) [28] . A substantial part of the present knowledge on gravitational waves originated from their wavelike solutions of the fully non-linear gravitational field equations. However, these original ER cylindrical wave solutions of the Einstein's vacuum field equations inhabit a universe that is conical rather than flat at infinite cylindrical radius [29] . To overcome this problem, one could impose artificially non-conicality constraints [30, 31] in order to obtain a Kasner-like spacetime. In a warped 5-dimensional brane-world model with a U(1) gauge cosmic string, these constraints are superfluous because the effective brane spacetime is non-conical [10] . Much insight into wavelike solutions on a cylindrically spacetime can also be obtained from well known stationary axially symmetric solutions, like the Weyl, Papapetrou, Lewis-van Stockum, and Kerr solution, through a complex transformation z → it,t → iz [32] .
The cylindrical symmetric metric is (with two killing vectors ∂ /∂ z, ∂ /∂ ϕ, both spacelike and hypersurface orthogonal) ds 2 = e 2(γ(t,r)−ψ(t,r)) (−dt
Without any matter source, one then obtains a wave equation for ψ, which is decoupled from γ. Once ψ is solved, γ can be solved by quadratures and the behavior of ψ and γ at null infinity is well known, i.e., the Einstein-Rosen pulse waves. One can construct incoming and outgoing radiation solutions [33, 34] in terms of the retarded and advanced coordinates u = t − r and v = t + r. For a non-vacuum situation, the equations will not decouple.
It was found by Gregory [15] that a U(1) cosmic string can be embedded into a flat FLRW spacetime along the polar axis, when the Hubble radius is much larger than the string-core. The approximated spacetime is
with µ the mass per unit length of the string, or angle deficit. One can match this spacetime on the wellknown FLRW spacetime by a suitable transformation [35] and one should like to impose matching conditions across the boundary r CS of the interior and exterior spacetime (although for radiating strings, this will be difficult). For late-time solutions, it is not necessary to consider the matching conditions between the interior string solutions and the exterior FLRW spacetime. It turns out that when the width of the strings r CS is smaller than the Hubble radius, the disturbances are neglectable [15] .
On a warped spacetime, where the warpfactor has a significant effect on the cosmic string solution [10, 11] , disturbances can be significant. In the bulk, the mass of the cosmic string will be huge, inducing a back reaction on the brane equations.
A. The Bulk Equations
Following Shiromizu et al. [36] , we have 5-dimensional Einstein equations with a bulk cosmological constant Λ 5 and brane energy-momentum as source
effective Planck mass on the brane, ∼ 10 19 GeV. We consider here the matter field (4) T µν confined to the brane, i.e., the U(1) scalar-gauge field, written in the form [9] Φ = ηX(t, r)e iϕ , A µ = 1 e P(t, r) − 1 ∇ µ ϕ,
with η, the vacuum expectation value of the scalar field. Let us consider the cylindrically symmetric warped spacetime
with W be the warpfactor and y be the bulk space coordinate.
From the 5D equations we obtain from the (t, y) component of the Einstein equations (a dot means
with general solution W (t, r, y) = W 1 (t, r)W 2 (y). We can then separate the W 2 equations. They become
with a simplified solution (for the moment, c 1 , c 2 = 0)
We see that only a negative bulk cosmological constant make sense. For c 1 , c 2 = 0 one obtains a solution with positive bulk cosmological constant. The equation for W 1 (t, r) becomes with a prime ∂ ∂ r . A typical solution is
with τ, d i some constants. Figure 1 represents the typical plots of W 1 (t, r) for different sets of the constants τ and d i . In general, W 1 can possess a saddle-point or extremal values.
We shall see in Section 2.2 that these solutions for the warpfactor are consistent with the supplementary equations following from the 5D Einstein and the Bianchi equations. It turns out that the equations for W 1 (t, r) can not be isolated from the effective 4D brane equations, indicating that W 1 is a really a warpfactoreffect.
B. The Effective Brane Equations
The field equations induced on the brane can be derived using the Gauss-Codazzi equations together with the Israel-Darmois junction conditions at the brane and the Z 2 symmetry [37] . The modified Einstein equations become
where
is the vacuum energy in the brane (brane tension).
Λ e f f = 0 for the RS fine-tuning. The first correction term S µν is the quadratic term in the energymomentum tensor arising from the extrinsic curvature terms in the projected Einstein tensor
The second correction term E µν is given by
and is a part of the 5D Weyl tensor and carries information of the gravitational field outside the brane and is constrained by the motion of the matter on the brane, i.e., the Codazzi equation
Further, we have for the extrinsic curvature from the junction conditions
and the 4D contracted Bianchi equations
From the 5D Einstein en Bianchi equations one obtains supplementary equations
with B the "magnetic" part of the bulk Weyl tensor. From these supplementary equations one can also separate the equations in Eq. (7) and in Eq. (9) for W 1 (t, r) and W 2 (y) which proves that the supplementary equations are consistent with the bulk equations. From the 4D scalar-gauge field equations we obtain
which are consistent with those obtained by Gregory [15] . From the Einstein equations we obtaiṅ
In the 4D case [15] , one could safely omit the termsẆ 1 /W 1 , because r s /R H =Ẇ 1 /W 2 1 << 1. In our case, this is not allowed. By the warpfactor, one obtains a huge angle deficit, or equivalently, a tremendous mass per unit length Gµ ∼ 1 , while the warped manifestation in the brane will be warped down to GUT scale, consistent with observations. The time dependent part of the warpfactor (Ẇ 1 /W 1 ) causes disturbances of the order much larger than the expected values in the 4D case.
III. NUMERICAL SOLUTION
We solved numerically the set of PDE's and plotted in figure 2 a typical solution for the choice of
r . We used value-boundary conditions at r = r 0 and Neumann boundary conditions at r = r end . For the initial values we choose: ψ(0, r) = 1 2 e −2r sin 3r, γ(0, r) = 0, P(0, r) = e −0.5r and X(0, r) = 1 − e −0.5r . It is evident that the emission of retarded wave energy of the scalar-gauge field, triggered by W 1 , changes   FIG. 2 . Solution of the metric components, the scalar-gauge fields, the energy momentum tensor component T rr , the C-energy and the flux of C-energy. the evolution of the induced brane metric. This is a non-local effect from the bulk. The relevant components of the energy-momentum tensor (4) T µν are T rr and T ϕϕ :
We observe that there are two terms which will become dominant for different epochs of cosmic time,
i.e., the potential term (X 2 − η 2 ) 2 , acting as a negative tension and the gauge field term (P 2 t ± P 2 r ). They both contain the W 2 1 -term in the numerator and denominator respectively. The same arguments hold for the quadratic term S µν . In figure 2 we also plotted the Brown-York quasi-local C-energy per unit Killing length z [38] , 1 − e −2γ and the advanced and retarded C-energy flow along the two null-directions, (γ t + γ r ) and (γ t − γ r ). Further, we plotted the warped equivalents of the C-energy and fluxes, i.e., W 2 1 (1 − e −2γ ). The difference is manifest. Because γ doesn't decouple from the equation for ψ, we have two degrees of freedom for the gravitational waves (in the Einstein-Rosen case there is one degree of freedom), i.e., ψ and W 1 . It turns out that the wavelike behavior depends critically on the ratio of the scalar to gauge masses,
. We took α > 1. Otherwise we are dealing with a global string in stead of a gauge string [11] .
We observe a regular behavior at future null infinity. We also observe from the behavior of e −2ψ = g ϕϕ r 2 in figure 2 that our spactime is asymptotically non-conical: it approaches a constant value > 1. It was found by Gowdy [31] in the vacuum situation, that the peak of the pulse wave of ψ occurs at r = t (as is the case in our situation) and has asymptotically a ln(r) r behavior. These pulses are not localized and fill the r = t event horizon of the universe. This anomalous behavior can be scaled away, in order to obtain the expected 1 r . In our case we can fine-tune the parameters of the warpfactor W 1 (t, r), i.e., τ and d i in Eq. (10). They are determined by the parameters α, β and η. Further, we see an evolution of a single pulse wave into a kind of "notched" wave, with the minimum moving downwards. This was also found by Gowdy [31] .
IV. CONCLUSION
We find a significant new late-time behavior of the warped FLRW cosmological model, when a selfgravitating U(1) scalar-gauge field (cosmic string) is present on the brane and the effective cosmological constant on the brane is zero (RS fine-tuning). Compared with the 4D counterpart model, the cylindrically symmetric disturbances have a significant impact on the late-time expansion rate of the universe. This is caused by the fact that one has no bound on the mass per unit length of the cosmic string, as is the case in the 4D model of Gregory [15] . We find an exact solution for the warpfactor, W = W 1 (t, r)W 2 (y). The time-dependent part, which plays the role of a "scale" factor, is a monotone increasing function with an inflection point or has a minimum. We don't need the conventional dark energy generated by a effective brane cosmological constant.
The wave propagation in the warped model will survive the expansion, as can be seen from the warped C-energy and retarded flux in the numerical solution of figure 2. These disturbances could act as an effective dark energy field. The amplitude of the cylindrical pulse wave can fall of asymptotically at null infinity as
